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Abstract 

In this paper, we construct six famiUes of infinite simple conformal super algebra of finite 
growth based on our earlier work on constructing vertex operator superalgebras from graded 
assocaitive algebras. Three subfamilies of these conformal superalgebras are generated by simple 
Jordan algebras of types A, B and C in a certain sense. 

1 Introduction 

The notion of conformal superalgebra was formulated by Kac [K3]. Conformal superal- 
gebras play important roles in quantum field theory (e.g. cf. [K3]) and vertex operator 
superalgebras (e.g. cf. [K3], [X5]). The classification theorem of simple conformal su- 
peralgebras of finite type was announced by Kac [K5] and proved in [DK]. Except the 
algebra CK^, all the classified finite simple conformal superalgebras are essentially quite 
known (e.g. cf. [K3], [K4]). The algebra CK^ is a subalgebra of the algebra Kq con- 
structed through the Hodge dual (cf. [CKl]). A natural question is whether there exist 
new simple conformal superalgebras whose structures are close to the simple conformal 
superalgebras of finite type. In this paper, we shall give an affirmative answer. 

Motivated by the vertex operator subalgebras generated by certain quadratic free 
fields in our earlier work [X3] on ternary moonshine spaces, we introduced in Section 7.3 
of [X5] a new family of infinite-dimensional Lie superalgebras, which we called "double 
affinizations" of Z2-graded associative algebras with respect to a trace map. From these 
Lie superalgebras, we constructed new families of conformal superalgebras with a Virasoro 
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element, which yielded new families of simple vertex operator superalgebras generated by 
their subspaces of small weights. In this paper, we shall construct six families of infinite 
simple conformal superalgebras of finite growth from matrix algebras and prove their 
simplicity. A generator subset of each of these algebras is determined. In particular, 
three subfamilies of these algebras are simple conformal algebras generated by simple 
Jordan algebras of types A, B and C in a certain sense except their "minimal cases." 
Below we shall give more detailed introduction. 

Throughout this chapter, the base field F is an arbitrary field of characteristic 0. For 
two vector spaces Vi and V2, wc denote by LM(Vi, V2) the space of linear maps from Vi 
to V2. Moreover, wc denote by Z the ring of integers, by N the set of natural numbers 
{0, 1, 2, ....} and by Z2 = Z/2Z the cyclic group of order 2. When the context is clear, we 
use {0, 1} to denote the elements of Z2. We shall also use the following operator of taking 
residue: 

Res^(z") = dn-i for n e Z. (1.1) 

Furthermore, all the binomials are assumed to be expanded in the nonnegative powers of 
the second variable. 

A conformal superalgebra R = Rq Q) Ri is a Z2-graded C[9]-module with a Z2-graded 
linear map Y~^{-, z) : R ^ LM{R, R[z~^]z~^) satisfying: 

Y+{du, z) = ^XlpA for ueR; (1.2) 
dz 

Y+{u, z)v = i-iymes,^—^^^^^^^^^^^, (1.3) 

z — X 

Y+{u, z,)Y+{v, Z2) - {-irY+iv, Z2)Y+{u, z,) = Res /^^^^^^' ~ "^^^^ (1.4) 

Z2 — X 

for u G Ri] V G Rj. We denote by {R,d,Y~^{-, z)) a conformal superalgebra. When 
Ri — {0}, we simply call R a conformal algebra. 

The above definition is the equivalent generating-function form to that given in [K3] , 
where the author used the component formulae with Y'^{u, z) — Yl'^=o'^{n)Z~^- 

An ideal T of a conformal superalgebra (i?, 9, Y'^{-, 2;)) is a subspace of R such that 

d{I) C I, Y+{u, z){I) C I[z-^] for u&R. (1.5) 

By (1.3), we have 

Y+{I,z)R^X[z-^] (1.6) 

for an ideal X of R. The conformal superalgebra R is called simple if the only ideals of it! 
are {0} and R. 
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Let r be an additive subgroup of F such that F has a subgroup Fq of index 2. A 
conformal superalgebra {R, d, Y~^{-, z)) is called T-weighted if for an index-2 subgroup Fq 
of F and its coset Fi = F \ Fq, 

Ri = i?*^"-* as subspaces for i = 0,1 (1.7) 

such that for u G i?^''^ Y^{u,z) = ^(n)^"""'^, 

C u{m)R^''^ C i?^'*-"*). (1.8) 

The elements in i?^") are called the elements of weight a and R^"^ is called the subspace 
of weight a. A F-weighted conformal superalgebra {R, Y~^{-, z)) is said of finite growth if 
it contains a subspace 

such that 

R = W[d]V and dim F^") < No for a e F, (1.10) 

where A^o is a fixed positive integer. For a F-weighted conformal superalgebra {R, V^(-, z)), 
we define the weight system: 

A = {a e F I ^ {0}}. (1.11) 

We shall also called the conformal superalgebra {R,Y^{-, z)) A-weighted (the weighting 
group is clearly the additive subgroup of F generated by A). In nonsuper case (i?i = {0}), 
we say R is Fq- weighted (Fi is redundant). Since Z is the only index-2 subgroup of Z/2, 
we have Fq = Z when we consider a Z/2- weighted conformal superalgebra. 

A sub-superalgebra R' of a conformal superalgebra {R, Y'^{-, z)) is said to be generated 
by a subset S if 

R' = span {ul^^ ■ ■ ■ vF^v \u\v^S, p, nij e N}, (1.12) 

where we write 

oo 

Y+{u,z) = J2unZ~''~^ ioTueR. (1.13) 

n=0 

In this paper, we shall construct six families of (1 + N/2)-weighted simple conformal 
superalgebras of finite growth. Three subfamilies of these algebras are generated by their 
subspaces of minimal weight, whose homogeneous structures are simple Jordan algebras 
of types A, B and C except their "minimal cases." 

Our first family of simple conformal algebras Rkxk,e are parametrized by two positive 
integral variables, related to the algebra oi k x k matrices. The algebra -Rixi,2 is the 
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well-known W^o algebra without center (cf. [Ba]) and the algebra -Rixi,i is the well- 
known VTi+oo algebra without center (cf. [PRS]) in mathematical physics. The more 
general algebra Rkxk,i is the Wi+ooigh) algebra studied by van de Leur [V] without center 
related to k component KP hierarchy. Our first family of simple conformal superalgebras 
RikiM]/ parametrized by three positive integral variables, related to the algebra of 
{ki + k2) X [ki -\- k2) matrices. We beheve that the algebra -R[i,i],i is related to the 
supersymmetric analogues of the Wi+oo algebra studied by physicists [DHP], [Y] and 
[YW]. It is conceivable that all the simple conformal superalgebras presented in this 
paper would eventually be related to certain integrable systems that are generalizations 
of KP hierarchy. 

In Section 2, wc shall present the general construction of conformal superalgebras from 
Z2-graded associative algebras and its motivation from quadratic free fields. In Section 
3, we shall construct three families of infinite simple conformal algebras of finite growth 
from matrix algebras and prove their simplicity. Section 4 is devoted to the constructions 
of three families of infinite simple conformal superalgebras of finite growth with nonzero 
odd part from matrix algebras and the proof of their simplicity. 

2 Motivation and General Construction 

In this section, we shall first give a motivation from quadratic free bosonic fields of the 
construction. Then we present our general construction of conformal superalgebras from 
Z2-graded assocaitive algebras based on Section 7.3 of [X5]. Moreover, we shall make a 
comparison of the general construction with the conformal superalgebras that generate 
the loop algebras and the centerless Virasoro algebras. 

2.1 Motivation 

In this subsection, we shall single out the conformal subalgebras related to certain quadratic 
free fields in our earlier works [X3] on ternary moonshine spaces. 

Let if be a vector space with a nondegenerate symmetric bilinear form (•, •) such that 
there exist two subspaces H_ satisfying H = + i7_ and 



(2.1) 



Let t be an indeterminate and set 



(2.2) 
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where k is a symbol to denote a base vector of one- dimensional vector space. We define 
algebraic operation [•, •] on H by 

[hi (g) + AiK, /i2 ® r + Aafi;] = m(/ii, h2)6m+n,oK (2.3) 

for /ii, /i2 e -ff, m,n E Z, Ai, A2 e F. Then [•,•]) forms a Lie algebra, which is called 
a Heisenberg Lie algebra. For convenience, we denote 

h(m) ^h®f^ ior heH, meZ. (2.4) 

Set 

H- = span {h{-m) \ h e H, m e Z+}, Bh = span {k, h{m) \ h e H, m e N}. (2.5) 

Then and Bh are trivial Lie subalgebras of H and 

H^H_® Bh. (2.6) 

Let Fl be a one-dimensional vector space with the base element 1. We define an 
action of Bh on Fl by 

/i(m)(l) = 0, ior heH, men. (2.7) 

Then Fl forms a ^//-module. We denote by [/(■) the universal envclopping algebra of 
a Lie algebra and by S{-) the symmetric algebra generated by a vector space. Form an 
induced ^-module 

V = U{H) (^u^Bh) ^1 (- ^i^-) ®F ^1 ^ vector spaces). (2.8) 

Moreover, we set 

00 00 
h+{z) = h{m)z-"'-\ h-{z) = h{-'rn)z'^'\ h{z) = h+{z) + h'iz) (2.9) 

m=0 m=l 

for h E H, where 2; is a formal variable. As operators on V, {h{z) \ h e H} are called 
free bosonic fields. 

For convenience, we denote 

u^l^u for e S{H^). (2.10) 

Set 

R2 — span {hi{—mi)h2{—m2), 1 | hi, /i2 £ H, mi,m2 G Z+}. (2-11) 
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We define a linear map Y{-, z) : R2 ^ LM{V, V[z ^ z]]) by 

^ ^ ' ^ ' mini V (i-z"* dz"" dz"" dz"" J ^ ' 

for /ii, h2 & H and m, n e N and 

y(l,z)=Idy. (2.13) 

Tlie operator m — l)/i2(— n — 1), is called a quadratic bosonic field. Moreover, 

we write 

00 

Y{u,z) = J2'^nZ~''~\ Y+{u,z) = J2'^nZ~''''^ for M G ^2- (2.14) 

neZ n=0 

In particular, 

{hi{-m - l)h2{-n - l))k 

oo 
j=0 

+ r^'W^'^:'"')Hk -m-n-j- (2.15) 

for hi, h2 & H and m, n. A; e N. 
Note that 

hi (m) /i2 (J^) {hz{-3)hi{-k)) 
= ■mn{Sm,jSn,k{hi,h3){h2,h4) +5m,kSn,j{hi,h4){h2,h3))l, (2.16) 

/ii ( -m) /i2 (n) ( /i3 ( - j ) /i4 ( - /c) ) 
= n5n,j{h2,h3)hi{-m)h4{-k) + nSn,k{h2,h4)hi{-m)h3{-j) (2.17) 

for /ii, /i2, ^3, h4 e H and m, n, j. A; G Z+. Expressions (2.15)-(2.17) show that 

Y^{u,z)v G R2[z-'^] hru,veR2. (2.18) 

Moreover, we define d e End^2 by 

5(1) = 0, d{hi{-m)h2{-n)) = mhi{-m - l)h2{-n) + nhi{-m)h2{-n - 1) (2.19) 

for /ii,/i2 e -H" and m, n e Z+. Then the family {R2,d,Y'^{\f^^, z)) forms a conformal 
algebra by (3.3.42) and Theorem 6.1.3 in [X5]. 

According to linear algebra, there exist basis {<?j^|j G /} of H± (cf. (2.1)) such that 

{4:<^i)-kj iorijel (2.20) 
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by (2.1) and nondegeneracy of (•,•), where / is an index set. Note that 

4i-^K.mt(-^KS-^)) = Sn,n4.i-^K.i-^), (2.21) 

<^ni-mmi-m-^)) - ^n.^si-'^Ki-^) (2.22) 

for Ji,ji,i3,i4 G /. Expressions (2.21) and (2.22) are essentially equivalent to matrix 
multiplications! This shows that there exists the connection between matrix algebra of 
dimension I x I and the conformal algebra {R2,d,Y~^{\fi^^, z)), which is a motivation of 
our general construction of conformal superalgebra from Z2-graded associative algebras. 

2.2 General Construction 

In this subsection, we shall present the general construction of conformal superalgebra 
from Z2-graded associative algebras. 
Let 

A = Ao®Ai (2.23) 

be a Z2-graded associative algebra with an identity element e. Let M2x2{A) be the algebra 
of 2 X 2 matrices whose entries are in A. Note that we have the following subalgebra of 

M2y,2{A): 

^fiA) = \( y ] I ao,o, ai,i e Ao, ao,i, a,,o ^ aX (2.24) 

Set 

R(A) = AfiA) (g)F ¥[ti, t2], (2.25) 
where ti and t2 are indeterminates. Denote 

u{ni, n2) = M ® for u e Af{A), rii, n2 G N. (2.26) 

We make a convention that any notions that appear technically and have not been defined 
are treated as zero. For instance, 

^;(-l,0)=0, 'u;(2,-3) = ii v,w E Af{A). (2.27) 



For convenience, we denote 

u, 

0, 



"[0.0] = ( n' n ) ' = [ n ^ } ior u e A, (2.28) 



0, 





0, 


u 


0, 





V, 






^[0,1] = ( o; ) ' ^[^.01 = ( ) ^ e A,. (2.29) 
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Moreover, we make a convention that if the notion U[ij] is used for i,j e Z2, we always 
mean u e Ai+j. Under this convention, we have 

R{A) = span {u[ijj{m,n) Z2, u E A, m,n E N}. (2.30) 

Now we define a hnear map 1^ "*"(-, z) : R{A) — > R{A)[z''^]z~^ by 

mi+m2+ni+<5i2,o 

= 5i2,.iK5.2,o+ i)(""^;ni"'^^'°) E a)M[n,.2](p,^2)^^-'"^-'"^-'^-^-'-° 

p=0 

mi+m2+n2+i5ij,o 

E g)^™-— (2.31) 

q=Q 

for j2](^i; "^2), W[jij2](^i5 ^2) £ R{A). The above formula was motivated by the fol- 
lowing formula of the nonnegative operators of a quadratic field action on a quadratic 
element: 

Y^{4{-m^ - l)<j^(-m2 - l),z),+ {-n, - l)<jr(-n2 - 1) (2.32) 

for Ji,j2,j3,j4 e I and mi, rii, 777,2, 712 £ N, which is defined by (2.1), (2.12), (2.14) and 
(2.20). The reader may calculate (2.32) by (2.15) and compare it with (2.31) when 
h = i2 = ji = j2 = in order to better understand (2.31). The action of ¥[d] on R{A) is 
defined by 

du[ij]{m, n) ^ {m + l)u[ij]{m + 1, n) + (77 + l)u[ij]{m, n+1) (2.33) 

for i,j eZ2, ue Ai+j and 7?7, 7i e N. By Theorem 7.3.4 in [X5], {R{A), d, Y+{-, z)) forms 
a (1 + N/2)-weighted conformal superalgebra with 

i?(^)H = span {u^i,j]{mi, 7772) e R{A) | 7r7i + 7772 + (^i,o + Sj^ + + Sj^i)/2 = n} (2.34) 

for 77 G N/2. The correspondence between the notations in the above and the those in 
Section 7.3 of [X5] is as follows: the conformal superalgebra R{A) in the above is the 
quotient algebra R{A)/¥1 in Section 7.3 of [X5] (cf. (7.3.51)) and the notion 

uiij][m, n] = u{-l + 7/2 - m, -1+ j/2 - 77) ® 1 + Fl. (2.35) 

Furthermore, R{A) is a free F[9]-module over the subspace 

— span {u[ij]{0,m) \ u E A, i,j G Z2, 7?7 G N} (2.36) 
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and 



dim Va Pi R{A)^''^ < max{2dim A, 2dim Ai}. 



(2.37) 



Thus R{A) is a (1 + N/ 2) -weighted conformal superalgebra of finite growth if A is finite- 
dimensional. So are its subalgebras. 
Let 

oo 

uyi^j^{xi,X2) = ^ uiij]{m,n)x1'x2 for i,j e Z2, u e Ai+j, (2.38) 

m,n=0 

where xi and x^ are formal variables. Then (2.30) can be rewritten as 



z^X2-yi 



{vu)\j^,i^-\{yuy2 - xi + X2) 



(2.39) 



2; xi - y2 

for h, 12,31, 32 e ^2 and u e Ai+i2) ^ A1+J2 (cf- (7.3.69)-(7.3.80) in [X5]). 

Let us make a comparison of the above conformal superalgebra with the comformal 
algebras generating "loop algebras" (affine Lie algebras without center) and the center-less 
Virasoro algebra. Let ^ be a Lie algebra and let t be an indeterminate. Set 



Q^Q®w F[i, t 
and define the algebraic operation [•, •] on Q by 



(2.40) 



m+n 



for u,v & Q, m,n & Z. 



(2.41) 



Then (^, [•, •]) forms a Lie algebra, which is called a loop Lie algebra. The subspace 



B{g) ^g^w ¥[t] 



(2.42) 



forms a subalgebra of Q. Define 



lu-i 



and the i3(^)-module structure on R{g) by 

{u ® t"'){v ® r") = if m > n and [u, v] ® if m < n 



(2.43) 



(2.44) 



ior u,v & g, m e N and n e Z+. Now we define a conformal algebraic structure on R{g) 

by 

d{v r") ^nv^ r"-^ for veg, ne Z+ (2.45) 



9 



and 

Y+{u®t-"'-\z)^ — ( — ) (V(M®t^>-^-^) (2.46) 
ml \ dz J ^-^ 

for M e ^ and m G N. Set 

oo 

M[a;] = ^(m ® t-™-i)a;"^ for e ^. (2.47) 

m=0 

Then we have 

F+(Mb], ;2)^;y = ^""'""^^^^ for ^; e (2.48) 
z^x — y 

by (2.44) and (2.46). Moreover, R{Ci) is a free F[9]-module over Q ® and the Lie 
algebra Q is generated by the conformal algebra R{G) (cf. Section 4.1 in [X5]). 
The center-less Virasoro algebra is a vector space V with a basis 

{L{m) I m e Z} (2.49) 

whose Lie bracket given by 

[L{m), L{n)] = {m — n)L{m + n) for m,n&Z. (2.50) 

The subspace 

B{V) = span {L{m - 1) | m G N} (2.51) 
forms a subalgebra of V. Define 

R{V) = span {L{-m - 2) | m G N} (2.52) 
and the i3(V)-module structure on -R(V) by 

L{m - im-n - 2)) = { ^ ^ _ ^^^^^ _ ^ _ 3^ m < n t 2' (^.53) 
for m, n e N. Now we define a conformal algebraic structure on -R(V) by 

d{L{-n - 2)) = (n + l)L(-n - 3) for n e N (2.54) 

and 



1 / /7 \ _ 

y+(L(-m-2,z) = — f — J (^L(-j - 1)^-^-1) formeN. 



(2.55) 



Set 

00 

L-[x\ = ^L{-m-2)x'^. (2.56) 



m=0 
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Then we have 

Y^{L-[xlz)L-[y] = ^JlMI^ + ^L~(y) (2.57) 

by (2.53) and (2.55). Moreover, R{V) is a free F[(9]-module generated by L{—2) and the 
Lie algebra V is generated by the conformal algebra R{V) (cf. Section 4.1 in [X5]). 

Note that the formula in (2.39) is indeed an analogue of (2.48) and (2.57). Let a be 
an graded involutive anti-isomorphism of A, that is, 

(T^ = Id.4, a{Ai) C A, « e ^2, (2.58) 

(7(e) = e, (t{u ■ v) — (t{v) ■ (t{u) for u,v & A. (2.59) 

We define 

R{AY = span {uiij]{m,n) + (-1)*V(m)[j- i](n, m) \ u e A, i,j e Z2, m,n e N}. (2.60) 

Then {R{AY, d, Y'^{\ii(^ji^Y , z)) a sub-superalgebra of R{A) (cf. Section 7.3 in [X5]). 

In next two sections, we shall prove that if ^ is a finite-dimensional matrix algebra, 
the algebras {R{A).,Y^{-,z)) and {R{AY ■,Y^{-, z)) yield families of simple conformal 
superalgebras of finite growth. 

For convenience, we shall also redenote 

U[i,j] = M[ij](0,0) for u e A, i,j e Z2 (2-61) 

throughout Sections 3 and 4 when the context is clear. Moreover, we denote 

00 

Y+{u,z)^ ^ ii(m)z-"-"^ for ue RiA)^"\ nel + N/2 (2.62) 

m=l— n 

(cf. (2.34)). 

The following lemma will be used very often in the following two sections. 

Lemma 2.1. Let T be a linear transformation on a vector space U and let Ui be 
a subspace of U such that T{Ui) C Ui. Suppose that Ui,U2, ■■■,Un are eigenvectors of T 
corresponding to different eigenvalues. IfYlp=i'^p ^ ^^^'^ 1*1,1*2, ■■■,Un £ Ui. 

3 Simple Conformal Algebras 

In this section, we shall construct three families of infinite simple conformal algebras of 
finite growth from matrix algebras and prove their simplicity. 



11 



Let k he a fixed positive integer. Recall that Mkxk{^) denotes the algebra of all 
k X fc-matrices with their entries in F. Take the settings in (2.23)-(2.31) and (2.33). We 
let 

^ = A = Mifcxik(F), ^i = {0} (3.1) 
in the general construction of {R{A), d, Y^{-, z)). Set 

Rkxk,i = span {u[i^i]{m, n) \ u e A, m,n e N}. (3.2) 

and 

Rkxk,e+2 — span {u[ofi]{'m, n) \ u & A, & N, n > i} for £ e N. (3.3) 

It can be verified that all the subspaces Rkxk,e for ^ £ Z+ are subalgebras of R{A). For 
each i e Z+, the algebra Rkxk,i is (£+N) -weighted conformal supcralgcbra of finite growth 
with 

-^Sm ^ span {uis, ^fy ,]{mi, 1112) \ u e Mfcxfc(F), mi,m2 e N; 

m2>i~2 + 6iX, mi + ma + 2 - 6e,i = n} (3.4) 

Moreover, for convenience, we redenote 

u{m,n) = U[ofi]{m,n), u = U[ofi]{0,0) for u E A. (3.5) 

Below, we denote by Ik the k x k identity matrix. 

Theorem 3.1. For each £ e Z+, the algebra {Rkxk,e,d,Y~^{-, z)) is simple. Moreover, 
it is generated by i?^^^^ if k > 1, and by {/i(0, £), /i(0, £ + 1)} (cf. (2.61) and (3.5)) if 

k = 1 for £ > 2. The algebra Rkxk,i generated by -R-^^jt i ^/^ ^ 1 ^'^^ by 

{(7i)[i,i](l,0),(/i)[i,i](0,2)} (3.6) 

ifk^l. 

Proof. Wc first consider Rkxk,2+e for £ G N. Denote by Ep^q the matrix with 1 as its 
(p, g)-entry and as the others for p, g e 1, k. Note that for p,q,r G l,k and m, rii, n2 G N 
with m, 712 > £, we have: 

(E,,,(0,m))(0)i?,,,(ni,n2) = [M^i + l)(-';;,-2) + ^,,,(^2 + l)(;:,^)]i?p,,(ni, na) (3.7) 

by (2.30) and (2.62). Note that the coefficient in the above 

5rAni + l)(-r') + SrAn2 + ITJ) = -i_J^i(^r,,x-'^' - 5r,,x--^-%=,. (3.8) 
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If for given pi,p2, qi, ^2 e 1, A; and /i, l2,ji,j2 e N with /2, J2 > ^, 

Sr,pAh + l){-'ln') + K,Ah + l)t) = knUl + ^)r'n^') + K,Aj2 + r){^ (3.9) 

for any r e 1, /c and £ < m e N, then 

((5,.^qjaj "^rjpi-^ ) ('^r,g2"^"' "^riPi-^ ) (3.10) 

is a polynomial of degree < £ + 1 by (3.8) and the Taylor's Theorem at x = 1 in calculus. 
Since /2 + 1, ^2 + 1 > ^ + 1 and hiji > 0, we have 

{^r,qi^^^ — Sj-p^X ^ ) — [S^^q^X-''^'^ — S^^p^X ) — (3.11) 

for any r e 1, A;. Thus 

(3.9) holds if and only if pi = p2, qi = q2, ji = h, 32 = k- (3-12) 

Let X be a nonzero ideal of Rkxk,e+2 (cf. (1.5) and (1.6)). By Lemma 2.1 and (3.7)- 
(3.12), 

Ep^q{m,n)El for some p,q E 1, k, m,n G N, n > i. (3.13) 
Furthermore, for i < j E 2N, we get 

{Eq^qiO,j))in-i)iEq^piO,j)){m)Ep^q{m,n) 
= {Eq,q{0,e)){n - e)[{m + l){-Y')Eq,q{0, u) + {u + l)r^'^)Ep,p{m, n - m)] 
= [(m + l){-r")ii'j)^n, + {n + 1)0) + Sp,q{n + 1)(V)((^ + l)(-7"') W 

+ {n + l)C^)6^,o)]Eq,q{0,e)eX (3.14) 

by (2.31) and (2.62). The coefficients of Eq^q{0,i) in the last equation is positive since j 
is even. Hence Eq^q{0,i) e 2. 

For any q ^ r & l,k and £ < j E 2N, we have 

(ErAO,j))mEr,Mj))mEq,r(OJ))maOJ) 

= {i+l){Er,r{0,j))mEr,g{0,mO)Eq,.{0,i) 

= {i+l){j + l){ErAO,mO)Er,Mi) 

= (£ + l)(j + l)2£;,,,(0,£)eX (3.15) 
by (2.31) and (2.62). Thus we have 

k 

Ik{0,e) = J2ErA^,i)eI, (3.16) 

r=l 
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where, Ik is the k x k identity matrix. Moreover, (2.31) tells us that 

(7fe(0, ^))(-l)4(0, e) = {-lY{l + l)7fc(l, + + 1)^7^(0, £ + 1) e X, (3.17) 

(7fe(0, £ + 1)) (-l)7fe(0, £) = (-l)^+^(£ + 2)7,(1, £) + (£ + 1)7,(0, £ + 1) e X. (3.18) 

Solving the above linear system, we get 7,(0, £ +1) e X. Let j be an even integer in 
{£, £ + 1}. For any u ^ A (cf. (3.1)) and m, n G N, we have 

(7,(0,j))(0)xi(m,^ + n) = [(m + l)(-7-') + (^ + n + l)(^7)Mm, £ + n) e X (3.19) 

by (2.31) and (2.62). Since j is even, the coefficient oi u{m,l + n) on the right-hand side 
is positive. Thus we get 

u{m,£ + n)el foT u e A, m,n eN, (3.20) 

that is X = Rkxk,e- So Rkxk,e is a simple conformal algebra. 

Suppose that k > 1. For m, n e N and p,q e l,k with p ^ q, we have 

[(£^P,p(0,^))(-l)]"^[(£^.,.(0,£))(-l)]"£;p,,(0,£) 

m n—1 

= [n^'(T')n(^+^'+i)ft')]^^.^(^'^+^)' (3-21) 

j=l j=0 

= {m + l){£ + n + l){-'^f^){^+'')Ep,p{m,£ + n) (3.22) 

by (2.31) and (2.62). Thus Rkxk,e+2 is generated by Rklki+2- 

Let /?' be a subalgebra of Rixi,e.+2 generated by {7i(0, £), 7i(0, £ + 1)}. We have 
Rm}+2 = ^^i(0,-^) C R!. Assume that 7?f+/]^2 ^ ^' with j > 2. For m,n e N such 
that m + n = J, we get 

(7i(0, £))(-l)7i (m,£ + n) 
= {m + l){-'^f^)Ii{m + l,£ + n) + {£ + n + l){^+''+^)Ii{m,£ + n + l) e R', (3.23) 

(7i(0,£+l))(-l)7i(m,£ + n) 
= (m + l)(-^f)7i(m + l,^ + n) + (£ + n+l)(^+:^|^)7i(m,£ + n + l) e7?' (3.24) 

by (2.31) and (2.62). Since 

{m+l){-r% (^ + n+l)(^+r) 

= (m + l)(£ + n + l)(m + n + ^ + 3)(£+l)-^(-"^^-2)(^+'^+^) ^0, (3.25) 
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we have 

h{m + l,e + n),Ii{m,e + n+l) e R' . (3.26) 

Hence Rf^i^^l C R'. By induction on j, we have R' — Rkxk,e+2- 

Next we consider Rkxk,i- Note that for p,q,r ^ l,k and m, ni,n2 G N, we have: 

[(£;.,.)[i,i](0,m)](0)(£;,,,)[i,i](ni,n2) = [<5.,,(-"-^) - 712) (3.27) 

by (2.31) and (2.62). Note that the coefficient in the above 

1 r/'" 

Let X be a nonzero ideal of Rkxk,i (cf. (1.5) and (1.6)). By Lemma 2.1, (3.27), (3.28) 
and the Taylor's theorem at a; = 1 in calculus (cf. (3.9)-(3.12)), 

{Ep,q)[i,i]{m,n) e X for some p,q E l,k, m,n e N. (3.29) 

Let 

R^ = span{ti[i,i](j, l)\ueA,j,leN,l> 1}, (3.30) 

R* = span{M[i,i](/, j) \ ue A, j,l eN, l> 1}. (3.31) 

Then (i?^, 9, 1^ "*"(•, z)) and (i?*, 9, 1^''"(-, z)) are both subalgebras of Rkxk,i, which are iso- 
morphic to {Rkxk,2, d, Y'^{-, z)) through the following correspondences: 

-(I + l)uii^i]{j,l + 1) ^ U[o,o](j,l), (Z + l)ii[i,i](Z + l,j) ^uio^o](l,j) (3.32) 

for M e v4 and j, / G N. The correspondences in the above are boson-fermion correspon- 
dences in physics. If m + n > in (3.29), we have 

iEp^g)[i,i]{m,n)eR^[jR*, (3.33) 

which implies 

R^ Cl or R* C I. (3.34) 

In particular, we have 

(4)[i,i](0,i) ex or (4)[i,i](i,o) ex. (3.35) 

Assume that m = n = in (3.29). Then we have 

[(4)[i,i](o,i)](-i)(i?,,,)M = -(^pJ[i,i](i,o) - (e,,,)m(o,i) e 2: (3.36) 
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(cf. (2.61)). Thus we can always assume m + n > by Lemma 2.1, (3.27) and (3.28). So 
(3.33) holds. Furthermore, 

[(4)[i,i](0,l)](0)M[i,i](j,/) = -(i + / + l)M[i,i](j,/) for ueA, j,/eN, (3.37) 

[(4)[i,i](i,0)](0)«[i,i](j,0 = (j + / + i)«[i,i](j,0 for ueAj^len (3.38) 

by (2.31) and (2.62). Therefore, X = Rkxk,!-, that is, Rkxk,i is simple. 

Assume that k > 1. Let R' be the subalgebra of Rkxk,i generated by Rfl^v Then 
R'', R* e R' by the fact that Rkxk,2 is generated by R^kxk,2 ^^'^ the isomorphisms in (3.32). 
Note that 

[(4)[i,i](l,0)](l)(£;p,,)[i,i](0, 1) = 2(£;pJ[i,i](0,0) e R' for p,g e M (3.39) 

by (2.31) and (2.62). So i?fcxfc,i = R'- 

Assume that k = 1. Let R' be the subalgebra of Rixi,i generated by (3.6). Note that 

[(/i)M(l,0)](l)(/i)[i,i](0,2)=3(/i)[i,i](0,l)ei?', (3.40) 

[(/i)[i,i](0,2)](-l)(70[i,i](l,0) = 6(/0[i,i](2,0) (3.41) 

by (2.31) and (2.62). By (3.39), the fact i?ixi,2 is generated by {/i,/i(0, 1)} and the 
isomorphisms in (3.32), we have R' — i?ixi,i- ^ 

Let ai : A he the transpose map of matrices. Then ai is an involutive anti- 

isomorphism of MfcxA;(lF). Thus we have the following subalgebras of R{Ay (cf. (2.67)): 

Rkxk,i = span {(Ep,^) [1,1] )(m,n) - {Eq^p)[i^i]){n,m) \ p,q e l,k, m,n e N}, (3.42) 

Rkxk,2 = span {Ep^q{m, n) + Eq^p{n, m) \ p,q E l,k, m,n E N}. (3.43) 

Theorem 3.2. The algebras {Rl^^ ^, d,Y~^{-, z)) and {Rl^j^2:d,Y^{-, z)) are simple. 
Moreover, -R^xifc,! ^■^ generated by 

(^Ui)^'^=span{(i^pJ[M])(l,0)-(i?,,p)M)(0,l) |p,geM, m,neN} (3.44) 

when k > 1 and by 

{(/i)[i,i](l,0) - (/i)[i,i](0,l),(/i)[i,i](3,0) - (/i)[i,i](0,3)} (3.45) 
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if k = 1. The algebra R%^k^2 ^■^ generated by 

iRlxk,2f'^ = span {Ep^g + Eg,p | p, g e I^fc, m, n e N} (3.46) 
(cf. (3.5)) when k > I and by {h, 7i(l, 1)} if k ^ 1. 



Proof. For p,q,r & l,k and m, ni,n2 G N, we have 

[{Er,r)[i,i]{'in,Q) - {Er,r)[i,i]{0,m)]{Q)[{Ep^q)ii,i]{ni,n2) - {Eq,p)[i,i]{n2,ni)] 

[{Ep,g)[i,i]{ni,n2) - {Eg,p)ii,i]{n2,ni)], (3.47) 

{Er,r){m,0) + Er,riO,m)){0){Ep^g{ni,n2) + -Eg,p(n2, ni)) 
= [5,,,(ni + !)[(-) + (---')] + Sr,g{n2 + !)[(-) + (--"')]] 

[Ep^g{ni,n2) + EgAn2, rii)] (3.48) 

by (2.31) and (2.62). Note that 

1 11 

(3.49) 



m\ dx"^' 



SrAni + 1)[(::.^) + (-r')] + ^,(^2 + mc^) + n-') 

\_5y^pX"'^ -\- Sy^gX"'^ 5y^pX ^y^gX ]U=1- (3.50) 



m! dx'^+'^ 

Let X be a nonzero ideal of Rlxki- -'^Y Lemma 2.1, (3.47), (3.49) and the Taylor's 
theorem at x = 1 in calculus (cf. (3.9)-(3.12)), we have 



(Ep,g)[i,i](ni,n2) - (^5,p)[i,i](n2,ni) G X for some p, g G 1, /c, ni,n2 G N (3.51) 
such that p ^ q or ui ^ n2. li p ^ q, we have 

[(^.,.)[i,i](l,0) - (£;,,,)[i,i](0,l)](n2)[(£;p,,)[i,i](l,0) - {Eg,p)[i,i]{0,mn, - 1) 

[(^P,g)[i,i](m,n2) - (^g,p)[i,i](n2,ni)] 

= [(^g,g)[l,l](l, 0) - (Eq,q)[i,i](0, l)](n2)[(ni - n2 - 1) [(^p,p) [1,1] (^i , n2 + 1 - ni) 

-(^p,p)[i,i](^2 + 1 - ni,ni)] + (m + l)[(£;g,g) [1,1] (1,712) - {Eg,g)[l,l]{n2, 1)]] 
= (m + l)(35„„o + 712 + 1 - 25„„0[(^.J[i,i](l, 0) - (£;.,.) [1,1] (0, 1)], (3.52) 
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[(E,,,)[i,i](l,0) - (E,,,)[i,i](0,l)](n2 - l)p^,,)[i,i](l,0) - (E,,^)M(0,l)](ni) 

[{Ep,q)[i,i]{ni,n2) - (£^g,p)[i,i](n2,ni)] 
= 0) - (^g,9)[i,i](0, 1)1(^2 - l)[(n2 - ni)[(£;p,p)[i,i](ni,n2 - m) 

-(£'p,p) [1,1] (^2 -ni,ni)] + (ni + l)[(Eg,,)[i,i](0, ^2) - (£'5,9) [1,1] 0)]] 
= (m + l)(2Vn2 - n2 - 2 - 5^,r^ME,,,)[l,l]{l, 0) - (^,,,)[i,i](0, 1)) e X (3.53) 

by (2.31) and (2.62). Since (3.52) is zero only if n2 = 1 and (3.53) is zero only if n2 = 0, 
we have 

(^.,.)[i,i](l,0)-(^,,,)[i,i](0,l)eX. (3.54) 
Assume p — q and nx^n^- We have 

[(^,,,)[i,i](l, 0) - (£;,,,)[i,i](0, l)](n2 - l)[(£;,,,)[i,i](l, 0) - (£;,,,) [1,1] (0, l)](nO 

[(^9,9)[i,i](m,n2) - (£;9,9)[i,i](n2,ni)] 
= [(E,J[i,i](l,0) - (^,,,)[i,i](0, l)](n2 - l)[(2n2 - ni + l)[(^,,,)[i,i](ni, n2 - n^) 

-(£^M)[i,i](n2 -ni,ni)] + (ni + l)[(£;q,q)[i,i](0,n2) - (^g,g)[i,i](n2,0)]] 
= (2712 - ni + l)[(ri2 - 2ni + 2)[(£;q,q)[i,i](ni, 1 - rii) - (£;q,q)[i,i](l - ni,ni)] 

+(ni + l)5„,,„,+i[(i?,,,)[i,i](0, 1) - (i?,,J[i,i](l, 0)]] 

+ (ni + l)5„,+i,n2(n2 + 2 - 25„,,o + 5„2,i)[(^,,,)[i,i](0, 1) - (E,,,) [1,1] (1,0)] 
= /x[(£;,,,)[i,i](0,l)-(£;,,,)[i,i](l,0)], (3.55) 

for some ^ /i G F, and = only if (ni,n2) G {(1, 0), (1, 2), (2 + N, 0)}. So (3.54) 
holds if (ni,n2) ^ {(1, 0), (1, 2), (2 + N, 0)}. Symmetrically, we can prove (3.54) when 
(^2, nx) ^ {(1, 0), (1, 2), (2 + N, 0)}. Thus (3.54) always holds. 
Let q^ 2 e 1, /c. Observe that 

[[(^,g [1,1] (0,1) - (^,j[i,i](i,o)](o)]2[(£;,,,)[i,i](i,o) - (£;,,,)[i,i](o,i)] 
= [(^.J [1,1] (0,1) - (£;,,,-)[i,i](i,o)](o)[(£;,g[i,i](o,i) - (£;,,,•) [i,i](i,o) 
+2((^,j[i,i](o,i)-(s,g[i,i](i,o))] 

= 4[(E,J[i,i](l,0) - (£;,,,) [1,1] (0, 1)] + 2p,,,)[i,i](l,0) - (i^,,,)[i,i](0, 1)] e Z (3.56) 

by (2.31) and (2.62). Thus (E^j)[i,i](l, 0) - (Ejj)[i,i](0, 1) G X, and (3.54) holds for any 
g e 1, /c. Hence 

k 

(4)[i,i](i,o) - (4)[i,i](o, 1) = 5][(E,,,)[i,i](i,o) - (i?,,,)[i,i](o, 1)] e X. (3.57) 

9=1 
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By (3.37) and (3.38), J = Rkxk,i- So Rkxk,i is simple. 

Assume k > 1. For m, n e M and p, g G l,k such that p ^ q, we have 

([(£;,,,)[i,i](l,0) - (i?,,,)[i,i](0,l)](-l))™(p,J[i,i](l,0) - (E,J[i,ii(0, !)](-!))" 
[(Ep,,)[i,i](l,0)-(i?,,p)[i,i](0,l)] 
= 2-+"(m+ l)!n![(£;^,,)[i,i](m + l,n) - {E,,p)^,,,]{n,m + 1)], (3.58) 

[(£^p,p)[M](i,o) - (£;,,p)[i,i](o,i)](i)[(£;,,,)[i,i](i,o) - (£;,,,) [1,1] (0,1)] 

= 2[(£;,,,)[i,i]-(£;,,,)[i,i]] (3.59) 
by (2.31) and (2.62). Moreover, we have 

[(Ep,p)[i,i](l,0) - (E,,p)[i,i](0,l)](0)[(E,,,)[i,i](0,l) - (E,,p)[i,i](l,0)](0) 

[iEp^q)[i,i]im,n) - (Eg,p) [1,1] (n,m)] 
= [(£;p,p)[i,i](l,0) - (£;p,p)[i,i](0,l)](0){(n+ l)[(£;p,p)[i,i](n,m) - (£;^,^)[i,i](m, n)] 

+m[{Eq^q)[i,i]{n,m) - {Eg^g)ii,^{m,n)]} 
= 2(n + 1) (m + n + 1) [{Ep^p) [i,i] (n, m) - {Ep^p) [i,i] (m, n)] (3.60) 

for m, n e N and p, ? G 1, /c with p ^ q. Thus Rlxk,i generated (-Rfexfe,i)^^^- 

Now we assume /c = 1. Let i?' be the subalgebra of -R^xfe i generated by (3.45). By 
(3.42), (i?L.,i)^'^ = {0} and (i?Lfe,i)^'^ = F((7i)[i,i](l, 0) - (/i)[i,i](0, 1)) C R'. Assume 
that (i?^x;i3 1)(^) C i?' for some 2<jeN. For m, n e N such that m + n = j, we get 

[(/i)[i,i](l,0) - (/i)[i,i](0,l)](-l)[(/i)[i,i](m,n) - (/i)[i,i](n,m)] 
= 2(m + l)[(7i)[i,i](m + 1, n) - (/i)[i,i](n, m + 1)] 

+2(n+ l)[(/i)[i,i](m,n + 1) - (/i)[i,i](n + 1, m)], (3.61) 

[(/i)[i,i](3,0) - (/i)[i,i](0,3)](-l)[(/i)[i,i](m,n) - (/i)[i,i](n, m)] 
= irt') - {-T'mhh,i]{m + l,n) - (/i)[i,i](n,m + 1)] 

+rt') - i-%-'mh)ii,i]{m,n + l) - (7i)[i,i](n + l,m)] 
= ^{(m + l)(m' + 2m + 3)[(7i)[i,i](m + l,n) - (/i)[i,i](n, m + 1)] 

+ (n+ 1) (n' + 2n + 3) [(/i) [1,1] (m,n+ 1) - (/i)[i,i](n + 1, m)]} (3.62) 

by (2.31) and (2.62). When m 7^ n, we have 

m + 1, n + 1 

(m + l)(m2 + 2m + 3), {n + l){n'^ + 2n + 3) 

= (n-m)(m + n + 2)(m + l)(n + l) 7^0. (3.63) 
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Thus 

(7i)[i,i](m + l,n) - (/i)[i,i](n,m+ 1), (7i)[i,i](m, n + 1) - (/i)[i,i](n + 1, m) e R' (3.64) 
if m 7^ n. Since 

(n,n+l) = (n-l,n + l) + (l,0), (n + 1, n) = (n + 1, n - 1) + (0, 1), (3.65) 

we have (i?fexfc,i)^^^^^ ^ i?'. By induction on j, Rl^k,i = 

Next we consider RXxk,2- Let X be a nonzero ideal of RXxk,2- By Lemma 2.1, (3.48), 
(3.50) and the Taylor's theorem at x = 1 in calculus (cf. (3.9)-(3.12)), we have 

Ep^q{m, n) + Eq^p{n, m) for some p,q & l,k, m, n e N. (3.66) 

Moreover, we get 

Eg,g{n){Ep,q + Eq^p) (m) {Ep,q{m, n) + Eq^p{n, m)) 
= Eq^q{n)[{m + l)(S,,g(0, n) + E,,g(n, 0)) 

+ (n + l){Ep^p{m,n - m) + -Ep,p(n - m, m))] 
= 2(m+l)(n + l)(l + 5o,n)£;,,, ex (3.67) 

iip^ q and 

Eq^q{n)Eq^q(m)(Eq^q(m, u) + Eq^q(n, TTl)) 

= E,,,(n)[(m+ l)(Eg,g(0,n) + Eg,g(n,0)) 

+ (n + l){Eq^q{n -m,m) + Eq^q{m,n - m))] 

= 2(m + l)(n + 1)[(1 + 5nfi){l + {5m,n + 5m,0)/{l + Sm,o5n,o)]Eq,q G I (3.68) 

by (2.31), (2.62) and (3.5). So Eq^q e X. Let j ElJ:. We have 

(£;,-, + Eqj)l{Eq,q) = 2(£;,-,- + £;,,,) e X (3.69) 

by (2.31) and (2.62). This implies Ejj e X. Thus 4 = EJ=i ^i,^ ^ ^- By (3.19) with 
J = £ = 0, X = i?fcxfc,2- Hence Rlxk,2 simple. 

Assume /c > 1. For any m, n e N and p,q & l,k such that p ^ q, we have 

(E,,,(-l))-(i?,,,(-l))"(E,,, + E,,,) 
= (m+l)!(n+l)!(Ep,,(m,n) + £^,,p(n,m), (3.70) 

Ep,p{0){Ep^q + Eq^p){0){Ep^q{m, n) + -Eg,p(n, m)) 
= {m + n + 2){n + l){Ep^p{m,n)+Ep^p{n,m)) (3.71) 
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by (2.31) and (2.62). So is generated by (i?Lfc,2)^'^- 

Now we assume k = 1. Let R' be the subalgebra of -Rfexfe,2 generated by {/i, /i(l, 1)}. 
Note that 

/i(-l)(/i (m,n) + /i(n, m)) = (m + l)(/i(m + l,n) 

+Ii{n, m + l)) + {n + l)(/i(m, n + 1) + /i(n + 1, m)), (3.72) 

(/i(hl))(-l)(/i(m,n) + Ji(n,m)) 
= -(m + l)'\m + 2)(/i(m + l,n) + Ii{n,m + 1)) 

-(n + l)2(n + 2)(/i(m, n + 1) + /i(n + 1, m) (3.73) 



for m, n e N. Since 

(m-n)(m + n + 3)(m + l)(n + 1), (3.74) 



m + 1, n + 1 

(m + l)2(m + 2), -(n+ l)2(n + 2) 



we can prove that Ii{m, n) e R' by mathematical induction on m + n. Therefore, we have 

Assume that A; = 2ki is an even integer. For 

"^''^ "^'^ ) with e M,,xfei(F), (3.75) 

\ 2,1 5 2,2 y 



we define 

-(^' ^ ( -4. ) ( ) - ( X, 'i: ) ■ 

where the empty entries are zero. Then (72 is another involutive anti- isomorphism of 
-^fcxfc(IF). Moreover, we have the following subalgebra of Rkxk,i- 

^kxk,i = span{{Ep^g)ii^^{m,n) -{Ek,+g,+k,+p)ii,i]in,m), 

{Ep,ki+q)[i,i]{m,n) + {Eg^ki+p)[i,i]{n,m) 



{Ek,+p,q)[i,i]{m,n) + {Eq^ki+p)[i,i]{n,m) | p,g e l,A;i, m,n e N} (3.77) 
and the subalgebra of Rkxk,2- 

R\xk,2 = span {Ep,q{m, n) + Ek^+q^+kr+p{n, m), Ep^ki+q(m, n) - Eq^ki+p{n, m), 



Ek,+p,q{m, n) - Eq^ki+pin, m)\p,qel, ki, m,n e N}. (3.78) 
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Theorem 3.3. The conformal algebras {Rl^j^^,d,Y^{-,z)) and 2, 9, 2;)) 

are simple. Moreover, the algebra {RI^^ d,Y~^ {■ , z)) is generated by 

{Rkxk,iY^^ = span {(Ep,g)[ij](e, 1 - e) - {Ek,+g,+k,+p)ii,i]{l - e,e), 

{Ep,ki+q)[l,l]{l, 0) + {Eq^ki+p)[l,l]{0, 1), {Eki+p,q)[l,l]{l, 0) 



+(Eq,k,+p)[i,i]{0, l)\p,qel, h, e = 0, 1} (3.79) 

when ki > 1 and by 

{(Ei,2)[i,i](2, 0) + (i?i,2)[i,i](0, 2), (£;2,i)[i,i](2, 0) + (£;2,i)[M](0, 2), . . 

(£;i,i)[i,i](0,1) + (^i,2)m](1,0)} ^^-^"^ 

'if ki — 1. T/ie algebra (i?^^;^ 2) ^) ^^('^ -^)) generated by 

i^kxk,2)^'^^ — ^P^'^ {Ep,q + Eki+q,+ki+p, Ep^k^+q — Eq^ki+p, 



Ek,+p,q - Eq^ki+p \p,qel,ki} (3.81) 

if ki > 1 and by 

{h, Ei,2(l,0)-Ei,2(0,l), E2,i(l,0)-^2,i(0,l)} (3.82) 

ifk^l (of (3.5)). 



Proof. For p,q,r & l,ki and m, ni, 712 G N, we have 

{Er,r)[l,l]{0,m) - (^fci+r,fei+r)[l,l]("^, 0)](0) 

{Ep,q)[i,i]{ni,n2) - (-Efei+9,fei+p)[i,i](^2,?ii)] 

kpCm"^) - Sr,q{mMEp,q)ll,l]{ni,n2) - {Ek,+q,kr+p)ll,l]{n2, Til)], (3.83) 

{Er,r)[l,l]iO,m) - (Ek^+rM+r) 0)](0) 
(-£'p,fci+g)[l,l](^^l, ^2) + (-Eg,A:i+p)[l,l](^2, ^1)] 

:<^.,p("T') + SrA~Z-'mEpM+qh,i]{ni,n2) + (£;,,fc,+p)[i,i](n2,ni)], (3.84) 

[(-Er,r)[l,l](0,m) - {Ek,+r,ki+r)[l,l](m, 0)](0) 

[(^fci+P,?) [1,1] (^1)^2) + (^fei+g,p)[i,i](n2,ni)] 
-<^r,p(:^') - (5.,,(:^2)][(^fc,+p,g)[i,i](ni,n2) + (Efc,+g,p)[i,i](n2,ni)] (3.85) 

by (2.31) and (2.62). Moreover, 

1 d"^ 
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1 d"^ 

1 (i™ 

-Sr,pC) - ^r,rj) = -^d^^-^r,,X-' ' ^r,,x''^)\^=,. (3.88) 

Let T be a nonzero ideal of R\y^ki- By Lemma 2.1, (3.83)-(3.88) and the Taylor's 
theorem at x = 1 in calculus (cf. (3.9)-(3.12)), X contains at least one of the following 
elements: 

{(-E'p,g)[l,l](^l>"'2) - (-E^fci+q,fci+p)[l,l](^2,^l), 

(£'Mi+<?)[i,i](^b^2) + (^g,fci+p)[i,i](n2,ni), (3.89) 
(£^fci+p,g) [1,1] (^15^2) + (^fci+g,p)[i,i](n2,ni)} 

for some p, g G 1, fci and ni,n2 G N. Note that the subspace 

R = span{(£;j^j2)[i,i](m, n) - (£;fei+j2,fei+jj[i,i](n, m) | ji, e 1, /ci, m, n e M} (3.90) 

forms a subalgebra of -R|.xfc 1 that is isomorphic to Rkixki,i- By Theorem 3.1, Rkixki,i is 
simple. Hence 

^ e T (3.91) 

if the first element in (3.89) is in I. Assume that the second element in (3.89) is in I. 
Using (2.61), we have 

[(Eki+P,q) [1,1] + (Ek,+q,p)[i,i]\(0)[{Ep^ki+q)[i,i](ni,n2) + (Eq^ki+p)[i,i](n2,ni)] 
= -(1 + 5p,g)[(Ep,p)[i,i](ni,n2) - (Efci+p,fci+p)[i,i](n2,ni)] 

-{^ + Sp,g)[{Eg^q)[i,i]{n2,ni) - {Ek^+g,ki+q)[i,i]{ni,n2)] G I (3.92) 

by (2.31) and (2.62). So we have RCl^ {0}. Thus (3.91) holds again by Theorem 3.1. 
We can similarly prove (3.91) if the third element in (3.89) is in T. 
Note that (3.91) implies 

fci 

^ = 1) - iEk,+jM+j)li,i]i^,0)] e X, (3.93) 
j=i 

^' = J2^iEj,j)ii,i]{h 0) - {Ek,+j,k,+j)ii,i]{^, 1)] e (3.94) 
j=l 

Moreover, 

W(0)[(^jl,fcl+jj[l,l]("^,^^) + (^j2,fel+il)[l,l]("',"^)] 

= -(m + n + 2)[(Ej-,,fc,+^J[i,i](m,n) + (^j2,fei+ji)[i,i](^, "^)] e (3.95) 

w'(0)[(£;fei+j-i,feJ[i,i](m,n) + {Ek,+j^,jJ[i,i]{n,m)] 

= (m + n + 2)[(£;fe,+^-ijJ[i,i](m, n) + {Ek^+j^j,)ii,i]{n, m)] e I (3.96) 
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for ji,j2 e 1, ki and m,n eN. Thus I = -R|.xfc,i- So Rly^^,! simple. 
Assume ki > 1. Then R is generated by 

R^'^^ = span{(Ej-,jJ[i,i](e, 1 - e) - (^fci+j2,fci+ii)[i,i](l - e) 

I Ji, J2 e T;^, 6 = 0, 1} C (i?Lfe,i)^'^ (3-97) 



by Theorem 3.1. For any p, ^ G 1, fci and m, n e N, we have 

[{Ek,+p,g)ii,i]{0, 1) + (£;fei+q,p)[i,i](l,0)](0)[(£;q,q)[i,i](m,n) - {Ek,+g,k^+q)ii,i]{n,m)] 
= (-m- 1 + m5p,g)[(Efcj [1,1] (m,n) + (Efc,+g,p) [1,1] (n,m)], (3.98) 

[(£^p,fci+q)[i,i](0,l) + (Eg,fc,+p) [1,1] (l,0)](0)[(EgJ [1,1] (m,n) - (Sfci+q,fci+q)[i,i](n,m)] 
= (n + 1 - [(£;p,fei+q) [1,1] (m, n) + {Ek^+g,p) [i,i] (n, m)] (3.99) 

by (2.31) and (2.62). Thus RI^^^-^ is generated by (i?Lfe,i)^^^- 

Suppose ki = 1. Let R' be the subalgebra of (-R|.xfe i)*^^'* generated by (3.80). Then 

[(Ei,2)[i,i](2,0) + (Ei,2)[i,i](0,2)](0)[(E2,i)[i,i](2,0) + (E2,i)[M](0,2)] 
= [(£;i,i)[i,i](0,2)-(£;2,2)[i,i](2,0)] 

+7[(£;i,i)[i,i](2,0) - (£;2,2)[i,i](0,2)] e i?', (3.100) 

[(£^2,i)[i,i](2,0) + (£;2,i)[i,i](0,2)](0)[(£;i,2)[i,i](2,0) + (^1,2) [1,1] (0,2)] 
= -7[(Ei,i)[i,i](0,2)-(E2,2)[ia](2,0)] 

-[(£^1,1) [1,1] (2,0) - (£;2,2)[i,i](0,2)] e R' (3.101) 

by (2.31) and (2.62). Solving (3.100) and (3.101), we obtain 

(£;i,i)[i,i](2, 0) - (£;2,2)[i,i](0, 2) e R'. (3.102) 

By Theorem 3.1, R C R'. Moreover, 

[(Ei,i)[i,i](0,l)-(E2,2)[i,i](l,0)](l)[(i5;2,i)[i,i](2,0) + (E2,i)[i,i](0,2)] 

= -[(£;2,i)[i,i](i,o) + (£;2,i)[i,i](o,i)] ei?', (3.103) 
[(£;i,i)[i,i](o, 1) - (£;2,2)[i,i](i,o)](i)[(£;i,2)[i,i](2,o) + (£;i,2)[i,i](o,2)] 

= -3pi,2)[i,i](l,0) + (i?i,2)[i,i](0, 1)] e R' (3.104) 
by (2.31) and (2.62). Thus R' = rI^^^ ^ (3.98), (3.99), (3.103) and (3.104). 
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Next we consider -Rj[.xjk2- Let X be a nonzero ideal of Rl.xk2- PiQ-i^ ^ ^'^^ 
m, ni,n2 G N, we have 

[Er,r{0, m) + Ek-^+rM+r{^, 0)] (0) [Ep^g{ni,n2) + -Efc^+<j,fc^+p(n2, rii)] 

= [<^.,p(ni + + ^rAr>'2 + lTJ)][E,,,{m, 712) + £;fc,+,,fc,+p(n2, ni)], (3.105) 

[£;r,r(0, m) + £;jfci+r,fci+^(m, 0)](0)[£;p,fci+q(ni, 712) - Eg^ki+p{n2: m)] 

= + l)(-"-2) + 5.,,(n2 + l)(-'r')] 

[Ep^ki+q{nu ^2) - Eq^ki+p{n2: ni)], (3.106) 

[Er,r{0: m) + Ek^+rM+A'^: ^)]{^)[Eki+p,q{ni, ^2) - Ek^+q^p{n2, Ui)] 

= [SrAni + 1)(:;^) + Sr,g{n2 + 1) C^,^ )] (^ , 712) - i?,,+,,p(7Z2, 7Zi)] (3.107) 

by (2.31) and (2.62). Moreover, 

1 

5rAni + l)(-r') + SrAn2 + = :^_d^i(-^r,pX--'~' + '^^,.^"^^') U=i. (3-108) 

5rAni + + Sr,qin2 + 1) (---') 

^ -;;^d^(^^'-^"""' + ^^.^^"""')l^=i' (3.109) 

1 

<^.,pK + i)C) + ^.,,(^2 + im = + ^n.^"^^')U=i- (3-110) 

Let X be a nonzero ideal of i?Lfe2- By Lemma 2.1, (3.105)-(3.110) and the Taylor's 
theorem at x = 1 in calculus (cf. (3.9)-(3.12)), X contains at least one of the following 
elements: 

Ep,g{ni, 712) + -Bjfci+g,fei+p(7i2, ni), Ep^ki+g{ni, 712) - Eg^ki+p{n2, rii), (3.111) 

Ek^+p,q{nun2) - Ek^+gAn2, rii) (3.112) 



for some p,q e l,ki and 7ii,7i2 £ N, where p 7^ g or 7ii 7^ 712 in the second and third 
elements. Note that the subspace 



R = spSin{Ej^j2(m, n) + Eki+j2,ki+h(n, m) \ ji,j2 e 1, h, 77i, 7i e N} (3.113) 

forms a subalgebra of -Rfexfe,2 ^^^^ isomorphic to Rkixki,2- By Theorem 3.1, Rkixki,2 is 
simple. Hence 

Rel (3.114) 
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if the first element in (3.111) is in /. Assume that the second element in (3.111) is in X. 
Then we have 

[Ek,+p,g{0, 1) - Ek,+g.p{l,0)]{0)[Ep^ki+qini,n2) - Eg^kj+pin2, ni)] 
= (n2 + l)(n2 + 2 + n2Sp^q)[Ep^p{ni, 712) + -Efei+p,fei+p(w2, rii)] 

-{ni + l){ni + {ni + 2)Sp^g)[Eg^g{n2,ni) + Ek^+g^ki+g{ni,n2)] G I (3.115) 

by (2.31) and (2.62). When p = q, the coefficient of the lower term is 

2(712 + 1)' - 2(ni + 1)' = 2(n2 - ni)(ni + 712 + 2), (3.116) 

which is zero only if rii — 712- So we have R(\X ^ {0}. Thus (3.113) holds again by 
Theorem 3.1. We can similarly prove (3.113) if the element in (3.112) is in I. Note that 
h^R (cf. (3.5)). Hence I = -RLfc,2 by (3.19) with j = £ = 0. Therefore -RLfe,2 is simple. 
Assume ki> 1. Then R is generated by 

^(2) = span{£;,-,,,, + Ek,+j,M+j, \ ji, J2 e IM} C (4xik,2)^'^ (3-117) 
by Theorem 3.1 (cf. (3.5)). For 7n, 7i e N and p, g e 1, ki such that p ^ q, we have 

[{Ep^P + -Efc^+p_fci+p)(— 1)]'"[(-E5^5 + -Efc^+g,fc^+g)(— l)]"(Ep_fc^+g — Eg^kl+p) 

= m\n\{Ep^ki+q{m,n) - Eq^ki+p{n,m)), (3.118) 

+ -^fcl+P,fel+p)(-l)]'"[(-^?,? + -^fcl+«,fel+q)(-l)]"(-E^fel+P,q - Ek^+q,p) 
= 7n!7l!(£;fei+p,g(7n,7l) - £;jki+q,p(7l,7n)), (3.119) 

{Ep^q + £'fci+,,fe,+p)(0)(Ep,fc,+g(m,n) - Eg,fc^+p(rz, m)) 
= {n+ l){Ep^ki+p{m,n) - Ep^ki+p{n,m)). (3.120) 

+ ^fei+9,fei+p)(0)(^fei+q,p(m, 7i) - Ek^+p^q{n, m)) 
= (71 + l)(£;jki+q,q(7n, 7i) - Ek^+g^g{n, m)) (3.121) 

by (2.31) and (2.62). Thus i?Lik,2 is generated by (i?Lik,2)^'^- 

Next we consider the case when ki — 1. Let R' be the subalgebra of -Rfexfe,2 generated 
by (3.82). Note 

(£;i,2(i, 0) - E,,2{o, i))(o)(£;2,i(o, i) - £;2,i(i, o)) 
= 2(£;i,i(o, 1) + £;2,2(i, 0)) - 8(£;i,i(i, o) + £;2,2(o, i)) e r', (3.122) 
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(/2)(-l)(/2) = 0) + Ei,i(0, 1) + ^2,2(0, 1) + ^2,2(1, 0) e R'. (3.123) 

Thus 

0) + £;2,2(o, 1), £;i,i(o, i) + £;2,2(i, o) e r'. (3.124) 

By Theorem 3.1, 

R C R'. (3.125) 

For m, n e N, we have 

(Ei,2(l, 0) - Ei,2(0, l))(0)(Ei,i(m, n) + E2,2(n, m)) 
= 2(n + l)'[£;i,2(n,m)-£;i,2(m,n)] (3.126) 

(£;2,i(l, 0) - E2,i{0, l))(0)(£;i,i(m, n) + E2,2in, m)) 
= 2(m+l)2[E2,i(m,n)-E2,i(n,m)] (3.127) 

by (2.31) and (2.62). Thus R' = i?Lfe,2- ° 

Remark 3.4. (a) The algebra -Rixi,2 is the weU-known Woo algebra without center (cf. 
[Ba]) and the algebra Rixi,i is the well-known Wi+oo algebra without center (cf. [PRS]) 
in mathematical physics. The more general algebra Rkxk,i is the Wi+ooigh) studied by 
van de Leur [V] without center related to k component KP hierarchy. 

(b) Let {R,d,Y~^{-, z)) be a F-weighted conformal algebra (cf. (1.7), (1.8)). For each 
q; e F, we define the homogeneous algebraic operation on i?^"^^ by 

uQv^u{0)v for li, -y e (3.128) 

(cf. (1.13)). 

The homogeneous subalgebraic structure {{Rkxk,2£+2)^'^^~^'^\ O) of the algebra Rkxk,2e+2 
with £ e N has the property: 

u{0,2i)Qv{0,2i) = {2i + l){uv + vu){0,2i) for u,v e Mkxk(^)- (3.129) 

So {{Rkxk,2e+2)^'^^~^'^\ 0) is isomorphic to the simple Jordan algebra of type Ak- Thus by 
the generator property in Theorem 3.1, the simple conformal algebra Rkxk,2e+2 with £ e N 
and k > 1 can be viewed to be generated by the simple Jordan algebra {{Rkxk,2e+2Y'^^'^'^\ ©) 
of type Ak. 

The homogeneous subalgebraic structure {{Rkxk,2e+3Y'^^^^\ ©) of the algebra Rkxk,2e+3 
with £ e N has the property: 

u(0,2e+l)Qv{0,2£+l) ^ (2e + 2)(-uv + vu)(0,2e) for u,v E Mkxki^)- (3.130) 
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So {{Rkxk,2t+3Y'^^~^^\&) is isomorphic to the Lie algebra glk{¥). Thus by the generator 
property in Theorem 3.1, the simple conformal algebra Rkxk,2e+3 with £ e N and k > 1 
are generated by the Lie algebra {{Rkxk,2e+3y^'^^^\ 0) of type glk{^)- 

Similarly, we can view that the simple conformal algebras -Rfexfe,2 with A; > 1 are 
generated by the simple Jordan algebra ((-Rfexfe,2)^^^ ©) tyP® and -R^xifc2 '^^^ even 
k > 1 are generated by the simple Jordan algebra ((-R^xfe 2)^^^ ®) ^YP^ C'fe/2- 

4 Simple Conformal Superalgebras 

In this section, we shall construct three families of conformal superalgebras of finite growth 
with nonzero odd part from matrix algebras and prove their simplicity. 

Let us go back to the general construction of {R{A), Y^{-, z)) in (2.23)-(2.33). We let 
A = Affcxfc(IF) the k X k matrix algebra. Assume that 

k^ki + k2 (4.1) 
for some fixed positive integers ki and k2- Then A has the following Z2-grading: 

A = I ) I ^1,1 e M,,xfei(F), A2,2 e Mfexifc.(F)| , (4.2) 

^^ = [[a2i ^''^ ) I ^ ^^ix'^^^^)' ^2,1 e Mfe,xiki(F)| . (4.3) 
For £ e N, we define 

R[kuk2],e+i = (-R[fci,fc2],^+i)o + (-R[fci,fc2],^+i)i C R{A) (4.4) 

by 

(%i,fc2]/+i)o = span{Ep,,gj(m,n + £), (Efci+p2,fci+g2)[i,i](m,£ + n) 



I pi, gi e 1, ki, p2, ^2 e 1, k2, m,ne N}, (4.5) 
{R[k^MU+i)i = span { (^pi,fci+p2) [0,1] ("^>^ + ^). (^fci+P2,pi)[i,o]("^, ^ + ^) 



I Pi e 1,/ci, P2 e 1,A;2, m,n e N}. (4.6) 
Then each fc2],^+i forms a conformal sub-superalgebra of R{A) for i 

Theorem 4.1. Let £ e N. T/ie algebra {R[ki,k2],e+i: 9, Y'^{-, z)) is simple. When k > 2, 
it is generated by 

-^[ifci,fe2],^+i ^ span {(LJp^^fcj+pJ [0,1] (0,£), (£;fei+P2,pi) [1,0] (0,-^) 

I pi e T^, P2 e T7k^}. (4.7) 
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If k = 2, then it is is generated by 



{(i^l,2)[0,l](0,^),(i^2,l)[l,0](0,£),(i?2,2)M(0,£+l)}. (4.8) 

Proof. We fix ^ e N. We let 

Ro,o^ span {Ep^^q^{m,n + £) \pi,qi el,ki, m,neN}, (4.9) 

i?o,i = span {(£;p2,«2) [1,1] ("^>^ + ^) I P2, ^2 e m,neN}, (4.10) 
Then Rq q and it!o,i form conformal subalgebras of R[ki,k2],e+i- isict, 

Ro,o — Rkixki,e+2, Ro,i — Rk2xk2,e+i (4-11) 

by (3.32). Hence i?o,o and i?o,i botli are simple subalgebras. Moreover, we have 

y^{u[i,i]{mi,m2),z)v[jj]{ni,n2) = (4.12) 

for u,v E Aq, mi, m2, rii, n2 G N, i,j G Z2, i j hj (2.31). 

For pi, ri e 1, ki, p2, r2 G 1, k2 and m, rii, 712 G N with m, ^2 > i, we obtain 

(£;^i,^, (0, m)) (0) (£;p,g) J] (ni , 712) 

= [<^nAo(m + 1)(-T') + Sr,A,0{n2 + lTj)]{E,,,)[,j]{m, 712), (4.13) 



[(^fcl+r2,fci+r2)[l,l](0,m)](0)(Ep,q)[ij](ni,n2) 
= [<^iki+r2Al("m"') -<^fei+.2,/j,l(m)](^pJM(^l>^2) (4.14) 

by (2.31), where {p,q) = (pi, /ci + P2), j] = [0,1] or {p,q) = {ki + p2,Pi),[i,j] = [1,0]. 
Note that 

1 

'^fei+r-2,p'^i,l( ^) ~ ^ki+r2,q^j,lim) 
1 d"^ 

-(4i+r2,Al^~'''~^ - Ski+r2,qSj,lX'^^)\x=l- (4.16) 



771 ! dx"* 



Let T be a nonzero ideal of R[ki,k2],e+i- By Lemma 2.1, (4.12)-(4.16) and Taylor's 
Theorem at x = 1 in calculus, we have i?o,o C X or Rq i C X or 



{Ep,ki+q)[o,i]{ni,n2) el or {Ek^+g^p)[i,o]{ni,n2) G I (4.17) 
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for some p G 1, /ci, g G 1, A;2 and ni,n2 G N with 77,2 > i. Note that either of the first two 
cases imphes (4.17) by (4.13) and (4.14). Without loss of generahty, we can assume the 
first case in (4.17). Furthermore, 



[(^fci+y,p) [1,0] (0. £)] (- 1/2) (Ep^kj+q) [0,1] (ni, ^2) 
= C;)E,,,{n,,n2) + (ni + l)(-"r')(^^i+.,fei+.)[i,i](^i + 1,^2) G X (4.18) 

by (2.31) and (2.62). Hence Jni?o,o ^ {0} and J H ^0,1 ^ {0} by (4.12). Since i?o,o and 
i?o,i are simple, we have i?o,o, -Ro,i C X. Hence X = R[ki,k2],i by (4.13) and (4.14). Thus 
R[ki,k2U+i is simple. 

Let R' be the subalgebra of {R[kj^^k2],e+i)^^'^^^^^ when A; > 2 and by (4.8) when A; = 2. 
Note that for pi,p2 £ 1, A;i and qi,q2 G 1, /c2, we have 

[(£^pi,fei+i)[o,i](0,£)](-l/2)[(£;,,+i,^J[i,o](0,£)] 
= (-1)%,^,(0,£) - {e + l)\„,,{Ek,+^,k,+l)[l,l]{0,e+l), (4.19) 

[(Ei,fc,+,J [0,1] (0, £)] (1/2) [(i?,,+,,i) [1,0] (0, £)] 
= -(£+l)(£;fe,+,„,,+,J[i,i](0,£), (4.20) 

[(£;i,fc,+,j[o,i](o,^)](-i/2)[(£;fc,+,,i)[i,o](o,^)] 

= (-l)^5,,,,,i^i,i(0,^) - (£+ l)^(E,,+,„,,+,J[i,i](0,£+ 1) (4.21) 

by (2.31) and (2.62). 
U ki> 1, then 

Ei,i(0,£) -^2,2(0, £)Gi?' (4.22) 

by (4.19). Moreover, 

m,,){OJ) - E2,2{OJ)]{-l){Ek,+i,i)[i,o]{QJ) = (^+ l)'(^.,+i,i)[i,o](0,£+ 1) (4.23) 
by (2.31) and (2.62). So {Ek,+i,i)ii,o]{0, i + I) G R'. Moreover, 

[(^l,A:i+l)[0,l](0,^)](l/2)(^fc,+l,l)[l,0](0,£+l) 

= -(£+l)(£ + 2)(E,,+i,,,+0[i,i](0,^+l) (4.24) 
by (2.31) and (2.62). Hence 



(-E'fei+i,jfci+i)[i,i](0,^ + 1) G R', 
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(4.25) 



which imphes 

Ep,,pM^) e R' for pi,p2 e 1^ (4.26) 

by (4.19). Furthermore, Theorem 3.1 and (4.26) imphes i?o,o e R'- For p e 1, /ci, q el,k2 
and m, n e N with n > i, we have 

[(^fei+,,p)[i,o](0,^)](l/2)£;p,p(m,n) = (m + l)(-7-^)(£;,,+,,p)[i,o](m, n), (4.27) 

[(£;,,,,+,)[o,i](0,£)](l/2)Ep,p(m,n) = (n + l)(,")(£;p,fe,+,)[o,i](m, n) (4.28) 
by (2.31) and (2.62). Thus 

(-R[fci,fc2]/+i)i C R' (4.29) 
(cf. (4.6)). For Qi, q2 G 1, k2 and m, n G N with n > i, we have 

[(i?..+.„i)[i,o](0,£)](l/2)(i^i )[o,i] ("^,n) 

= (m+ l)(-T')(£^fei+,„.i+,J[i,i](^,^) + ("7')^i,i(^,^ - 1) e i?' (4.30) 
by (2.31) and (2.62). Since Ei,i(m,n - 1) e i?', we have 

(£;fei+5i,fei+52)[i,i](m,n) e i?' for 51,52 e l,/s2, m,n G N, n > ^. (4.31) 
Therefore R' = 

Assume /ca > 1- If ^ > 0, then we get (4.31) by Theorem 3.1, (3.32) and (4.20). If 
£ = 0, we have 

(-E'fci+i,jki+2)[i,i](0, 1), (-E'fci+2,fci+i)[i,i](0, 1) e R', (4.32) 

(-£^fci+i,fei+i)[i,i](0> 1) + (-Sfei+2,fei+2)[i,i](0, 1) - 2Ei,i e R' (4.33) 
by (3.5) and (4.21). Moreover, 

[(-E^fci+i,fci+2)[i,i](o, i)](o)(£;fei+2,fei+i)[i,i](o, 1) 

= -[(£;fe,+u,+i)[i,i](o, 1) + (£;,,+2,fei+2)[i,i](o, 1)] e i?' (4.34) 

by (2.31) and (2.62). Thus ^1,1 e R' by (4.33) and (4.34). Hence 

(^fci+9i,fei+<Z2)[i,i](0' 1) ^ R' fo^ ?2 e 1, k2 (4.35) 

by (4.21). Symmetrically, we can prove {Ek^+q^^k^+q^)ii^i]{l,0) e R' for 51,52 e 1,A;2. 
Expression (4.31) holds again by Theorem 3.1. For p e 1, /ci, 5 e 1, A;2 and m, n e N with 
n > £, we have 

[{Ek^+q,p)[i,o]{OJ)](-'i-/'^)(Ek,+q,ki+q)[i,i](rn,n) = -('l)(Ek,+q,p)[i,o](m,n), (4.36) 
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[{Ep,k,+,) [0,1] (0, ^)] (-1/2) {Ek,+,,k,+,) [1,1] (m, n) = (-7-^) {E,,k,+,) [1,0] (m, n) , (4.37) 



by (2.31) and (2.62). Thus (4.29) holds. For pi,p2 e 1, A;i and m,n eN with n > we 
have 

[(^fei+i,P2)[i,o](0,^)](-l/2)(£;p,,jk,+i)[o,i](m,n) 
= ie)En,p,{m,n) + (m + l)(-7-')5p,,p,(£;fe,+i,fe,+i)[i,i](m + 1, n) e R' (4.38) 

by (2.31) and (2.62). Since (£'fe^+i,fe^+i)[i,i](m + l,n) e R', we have 



Ep-^^p^{m,n) e -R' for pi,p2 e 1,/ci, m, n e N, n > (4.39) 

Therefore i?' = R^k^,k2U+'^- 

Let ki = k2 = 1. By (4.8) and (4.19), 

£;i,i(0,£) ei?'. (4.40) 

Moreover, 

(£;i,i(o,£))(-i)(£;2,i)[i,o](o,£) = (£ + i)^(£;2,i)[i,o](o,£ + 1) e it:' (4.4i) 

by (2.31) and (2.62). Furthermore, 

(Ei,i (0, i) ) (0) [(Ei,2) [0,1] (0, £)] (- 1/2) (E2.,)m (0,^+1) 

= (£;i,i(o, £))(o)[(-i)^£;i,i(o, e + i)- ^^^^^^^^(£;2,2)[i,i](o, £ + 2)] 

= {-iY{e + i){{-iY + e + 2)Ei,i{oj + i) e R' (4.42) 

by (4.41). So £;i,i(0,£+ 1) e i?'. Hence Ro,q e R! Theorem 3.1. Hence R! = R[k^,k2U+^ 
(4.27)-(4.31). □ 

Let (7i : A 1-^ >1* be the transpose map of matrices. Then cti is an involutive anti- 
isomorphism of Mfexfe(F) preserving the Z2-grading in (4.2) and (4.3). Thus we have the 
following subalgebra of R[k,MU- R\k,M] = (^[iki,te])o + (^[fei,it2])i ^^^^ 

(^[fei,fe2])o = span {£;p,,g,(m, n) + Eg^^p^{n, m), {Ek,+p^,ki+g^)[i,i]{m, n) 



-(Eki+q2,ki+P2)[i,i](n-,n^) \Pi,(li e 1,^1, P2,q2 e 1,^:2, m,ne N}, (4.43) 

(^[fcl,fc2])l = ^P^^'^ {(^Pl,fel+P2)[0,l]("^,^) 



+ {Ek,+p2,p,)[i,o]{n,m) I pi e l,A;i, p2 e l,/i;2, m,n e N}. (4.44) 
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Theorem 4.2. The algebra {R^f^^ j^^^, d,Y^{-, z)) is simple. Moreover, it is generated 

by 

(R[kuk,])^^^^^ = span {(^pi,ifci+P2)[o,i] + (^fei+P2,Pi)[i,o] I Pi e 1^, P2 e 1^} (4.45) 
(of. (2.61)) if k> 2 and by 

{(^l,2)[0,l] + (^2,l)[l,0], (^2,2) [1,1] (0, 1) - (£;2,2)[i,i](l, 0)} (4.46) 

tfk = 2. 

Proof. For ri,p e 1, ki, g e 1, /c2 and m, ni, 77,2 G N, we have 

= SrUni + 1)((-T') + (;^^))[(^p,fei+5)[o,i](ni,n2) + (£;,,+,,p)[i,o](n2, rii)], (4.47) 

(-£^fci+r2,fei+r-2)[l,l](0, m) - (£;fei+r2,fei+r2)[l,l]("^, 0))(0) 

[(-E'p,fcl+g)[0,l](^l)'"'2) + iEki+q,p)[l,0]in2,ni)] 

= 5,„,((-;;?-^) - C^mEpM+Mni,n2) + (i?fc,+,,p)[i,o](n2, n^], (4.48) 

[(-E^A;i+g,p)[l,0] + (-£^p,fci+(7)[0,l]] (-1/2) [(-E'p,fcl+g)[0,l] ("-1,^2) + (-Efei+g,p) [1,0] (^2 , m)] 

= (ni + l)[(£;fe,+g,jti+g)[i,i](ni + 1,^2) - (£;fci+5,fei+5)[i,i](n2,ni + 1)] 

+Ep^p{ni, 712) + Ep^p{n2, rii) (4.49) 

(cf. (2.61)) by (2.31) and (2.62). Note that 

5rUni + l)((-r^) + a) = ^|^(^"^^' - ^-"^-^)U^i. (4-50) 

Sr.M-Z-') - a) - ^^(^""^"^ - (4-51) 
We can prove the simphcity of R*^_^ by Theorem 3.2, (4.47)-(4.51) and the same argu- 
ments as those in the proof of the simplicity of R[ki,k2]/+i- 

The foUowing identities imply the generator property by the arguments in (4.19)- 
(4.42): by (2.31), 

[(-^Pi,fci+P2)[0,l] + (-£^fei+P2,Pi)[l,0]](e/2)[(£^gi,fci+g2)[0,l](^,"') + (-£^fei+<?2,?i)[l,0](^T',"7)] 

= ^Pimi'm + l)[(Sfei+p2,fci+g2)[i,i](m + (1 - e)/2,n) 

-{Ek,+q2M+P2h,i]{n,m + (1 - e)/2)] + Sp^,g^[Eg^^p,{m,n - (e + l)/2) 
+Ep,^g,{n-ie+l)/2,m)], (4.52) 
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[(^Pi,fei+P2)[o,i] + (^fci+P2,Pi)[i,o]](l/2)(^pi,pi(m,n) + £;p,,p,(n,m)) 
= {n + l)[{Ep^^ki+p2)[o,i]{m,n) + {Ek,+p^,p,)[i,o]{n,m)] 



(4.53) 



)[o,i] + (£'fci+P2,Pi)[i,o]](e/2) 
[{Ek^+p^,ki+p2)[i,i]{m,n) - {Ek^+p^,ki+p2)[i,i]{n,m)] 
(^pi,fci+P2)[o,i](^+ (1 - e)/2,n) + {Ek,+p^,p,)[i,o]in,m + {l - e)/2) 
-{Ep^,k,+p2)[o,i]{n + (1 - e)/2, m) - {Ek,+p^,p,)[i,o]{m, n + (1 - e)/2), 



(4.54) 



[(-£^fcl+l,fci+2)[l,l](l,0) - (-Efci+2,fei+l)[l,l](0, 1)](0) 

[(-Efci+i,fci+2)[i,i](l,0) - (£;fci+2,fci+i)[i,i](0, 1)] 

= 2[(£'fc^+2,fci+2)[l,l](l)0) - (-Sfei+2,fei+2)[l,l](0, 1)] 



if k2 > 1, for pi, qi e 1, ki, p2, q2 £ 1, ^2, m, n G N and e = ±1. □ 
Assume that 

for some positive integers £i and £2- Set 



V 



^€2 

-h2 J 



where the empty entries denote zero matrices. Define a map (72 : Mjtxit(IF') 

a2{A) = SA'S-^ for A e Mfcxfc(F). 



(4.55) 



(4.56) 



(4.57) 

Mfcxik(F) by 
(4.58) 



Then (T2 is an involutive anti-isomorphism of Mfexfc(IF) preserving the Z2-grading in (4.2) 
and (4.3). In terms of block matrices, we have: 



/ ^1,1, 

A2,l, 
A3,l, 
V ^4,1, 



Al,2, 
A2,2, 
^3,2, 
^4,2, 



^1,3, 
^2,3, 

A 



A. 



3,3 1 

4,3; 



^1,4 \ 
^2,4 
^3,4 
^4,4 / 





^2,2) 


4* 

^1,25 


4* 


-4* 
^3,2 


\ 




^2,1? 


4* 


-4* 


4* 






^2,45 


-4* 


4* 


-4* 
^3,4 




v 


-4* 


4* 


-4* 
^4,3 > 


4* 
^3,3 


/ 



(4.59) 



where 



^1,1,^,2,^2,1 e M^,x^i(F), Ai,3,Ai,4 e M,,x£2(F), ^3,1,^1 e M,,x4(F). (4.60) 
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Thus we have the following subalgebra of R[ki,k2],i- ^kiM] ^ ^^[kiM]^^ + ^^[kiM]^^ "^^^^ 
Eei+pi,qi{m,n) - Ei^+q^^p^{m,n), {Ek^+p^^ki+q2)[i,i]{''^,f^) - (-E'fci+^2+?2,fci+^2+P2)[i,i]('^) 

(-^fel+P2,fcl+^2+92)[l,l]("^>^) + (-E^fel+g2,fel+^2+P2)[l,l]K"^)> 
(-E'fei+£2+p2,fcl+(?2)[l,l]("^)"') + (-E'fel+^2+92,fel+P2)[l,l]("') 

G Ml, P2,g2 e M^, m,n G N}, (4.61) 

(^[fcl,fe2])l = ^P^'^ {(^Pl,fel+P2)[0,ll("^,"') + (^fel+£2+P2A+Pl)[l,0](^,"^), 
(-^pi,fcl+^2+P2)[0,l](^,^) - (-E^fel+P2,^l+Pl)[l,0](^,^), 

)[o,i](m,n) - {Ek,+e^+p^,p,)ii,o]{n,m), 

{Eei+p^^ki+h+P2)lo,i]{fn,n) + {Ek^+p2,pi)[i,o]{n,m) 

I pi G M7, P2 e Tj~2: m,ne N}. (4.62) 
Theorem 4.3. T/ie algebra {R]j^_^f,^-^,d,Y'^{-,z)) is simple. Moreover, it is generated 

by 

(-^[fel,fe2])^^'^^^ ^ ^P^" {(-^Pl,fcl+P2)[0,l] + (-£^fel+^2+P2A+Pl)[l,0], 

(-E^pi,fcl+£2+P2)[0,l] - (-E'fci+p2A+Pl)[l,0]) (-E^€l+pi,fcl+P2)[0,l] - (-E'fcl+^2+P2,pi)[l,0], 

(^£i+pi,fci+£2+P2)[o,i] + (^fei+P2,Pi)[i,o] I Pi e 1,^1, P2 e 1,^2} (4.63) 

fc/. (2.61)) if k> A and by 

+ F[(£;3,3)[i,i](0, 1) - (£^4,4)[i,i](l, 0)] (4.64) 

ifk^A. 

Proof. The following eight equations will be used for the proof of the simplicity of 
^\kiMY ^^'^^ ^ '^^'^^ ^ ''"'■^2 m,ni,n2 G N, by (2.31), we obtain 

(-£^ri,n(0, m) + Ee^+riA+ni'm, 0))(0) 

[(-Ei,i,fei+p2)[0,l]("'l,?T'2) + (-Bfci+fo+p2,^i+pi)[l,0]("'2,?T'l)] 
= 5n,pi(ni + l)(""m ^)[(^Pi,fci+P2)[0,l](^l'^2) + (£;fei+fe+p2/i+pi)[l,0](n2,ni)], (4.65) 

(£■^,^1(0,771) + Ee, (m, 0))(0) 

[(-^pi,fei+^2+P2)[o,i](?^i,?^2) - {Eki+p2,ei+pi)[i,o]{n2,ni)] 

= (^n,piK + l)(~"m~^)[(^pi,ifci+^2+P2)[0,l](^l,^2) -(£^ifci+P2,^i+pi)[l,0](^2,ril)], (4.66) 
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)[0,1](^1>^2) - (-E^fei+^2+P2,pi)[l,0](?T'2,m)] 

= (^ri,pi(rii + l)C^)[(£;^i+pi,fei+pJ[o,i](ni,n2) -(£;fei+^2+P2,Pi)[i,o](^2,ni)], (4.67) 

[-^4+Pi,A;i+^2+P2)[0,l](^l'^2) + (-Efc^+p2,Pi)[l,0](?T'2,m)] 

= (^n,piK + l)i'^)[Ei^+p,,k,+h+P2)[o,i]{ni,n2) + (£;jfci+p2,pJ[i,o](n2,rii)], (4.68) 

[(-^fci+r2,fci+r2)[l,l](05"'^) ~ (-^fci+<?2+r2,fcl+^2+r2)[l,l]("^) 0)](0) 
,A:i+p2)[0,l](^l) '^2) + (-^fci+£2+P2/i+Pi 

)[i,o](w2,ni)] 

= -<^r-2,P2(m)[(-Ei)i,fci+P2)[0,l](?T'l,?T'2) + (-£^fci+^2+P2,^i+pi)[l,0](?T'2,?T'l)], (4.69) 
[(-E'fci+r2,fci+r2 

)[l,l](0,m) - (£;fci+£2+r2,fci+^2+r2)[l,l]("^,0)](0) 

[(-^Pl,fcl+^2+P2)[0,l](^l'^2) - (-Sfcl )[l,0](^2,r^l)] 

= ^r2,P2(~m~^)[(-^Pi,fci+«2+P2)[o,i](^i,^2) - (-Efci+p2,^i+pJ[i,o](n2,ni)], (4.70) 

)[l,l](0,m) - (£;fci+^2+r2,fci+^2+r2) [1,1] ("^'0)1(0) 

)[o,i](ni,n2) - (^fci )[i,o](n2,ni)] 

= -^r2,P2(m)[(-^€i+Pi,fei+P2)[0,l](?^l,?^2) - (-E^fei+^2+P2,pi)[l,0](?^2,?^l)], (4.71) 
[(-Efei+r2,fci+r-2)[l,l](0,m) - (£;?;, +^2+r-2,fci+^2+r-2) [1,1] ("^>0)](0) 

[-E'£i+pi,fci+£2+P2)[0,l](^l,''^2) + (-E'fcl+p2,pi)[l,0](?^2,''^l)] 

= ^r2,P2( )[(-^^i+Pi,A;i+^2+P2 

)[o,l](r^l,r^2) + (Efc,+p2,Pi)[i,o](r^2, ni)]. (4.72) 

The following fourteen equations will be used both for the proof of the simplicity and 

generator property of -^[^^^2]' ^^^i^i'^i ^ -'-'^i' P2, 92 ^ 1,^2 and ni,n2 G N, by (2.31), 
(2.61) and (2.62), we obtain 

[(-£^pi,fci+P2)[o,i] + (-£^fci+^2+P2,^i+pi)[i,o]](l/2)(-Epj^pj (711,712) +-B£j+pj^^,+pj(7i2,ni)) 
= (7i2 + l)[{Ep^,ki+p2)[o,i]{ni,n2) + {Ek,+e2+P2A+Pi)[i,o]{ri2,ni)], (4.73) 

[(-Ei)i,fei+^2+P2)[0,l] - (-E^fei+P2,^i+pi)[l,0]](l/2)(-Epj^pj(7Zi,7l2) + -E^i+pi,£i+pi(7l2,ni)) 
= (7l2 + l)[(-Ep^,fci+^2+p2)[0,l](ni,7l2) - (-Efci+p2,^i+pi)[l,0](?T'2,ni)], (4.74) 
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= (ni + l)[{Ee,+p,,ki+p2)[o,i]{n2,ni) - (£;fe,+^2+P2,pi)[i,o]K, ^12)], (4.75) 



[(-^^i+Pi,fci+^2+P2)[o,i] + (-^fci+p2,Pi)[i,o]](l/2)(-Epi,pi(ni,n2) + Ei^+p^^ei+pi{n2,ni)) 

(ni + l)[{Ei^+p,,ki+e2+P2)[o,i]{n2,ni) + (^fei+p2,pi)[i,o]K, ^2)], (4.76) 

)[0,1] + (-£^fci+^2+P2A+pi)[i,o]](-l/2) 

[(-^A:i+P2,fcl+P2 ) [1,1] (^1)^2) - (^fci +i'2+P2,fcl+^2+P2 

)[l,l](«2,ni)] 

(-E'pi,fci+p2) [0,1] (^1,^2) + (-Efci+£2+p2,£i+pJ[i,o](n2,ni), (4.77) 

[(-E'pi,fci+^2+P2)[o,i] - (-E'fei+P2,^i+Pi)[i,o]](-l/2) 

+P2M+P2 ) [1,1] (^1,^2) - {Eki 

+^2+P2,fcl+^2+P2 

)[i,i](n2,ni)] 

-[(-E'pi,fei+€2+P2)[0,l](^2,m) - (-£^fci+p2,^i+pi)[l,0]('T'l,'T'2)], (4.78) 

,fel+P2 )[o,i] - (-E^fci+^2+P2,pi)[i,o])](-l/2) 

)[i,i](ni,n2) - {Ek,+i., 

+P2,fcl+^2+P2 

)[i,i](n2,ni)] 

(-£^€i+pi,fei+p2)[0,l](^T'l,?T'2) - (-£^fci+£2+P2,pi)[l,0](?^2,?^l), (4.79) 

[(-E^^l+Pl,fcl+^2+P2)[0,l] + (-£^fcl+P2,Pl)[l,0]](-l/2) 
[(-E'fcl+P2,fcl+P2 )[1,1](?^1,?^2) - (-Eifci+^2 

+P2,fcl+^2+P2 

)[i,i](n2,ni)] 

-[(-E'^i+Pi,A;i+^2+P2)[o,i](^2,ni) + (£'fci+p2,pJ[i,o](ni,n2)], (4.80) 
,fel+P2 )[o,i] + (-E'fei+^2+P2,^i+pi)[i,o]](e/2) 

[(-^^l+9l,fci+^2+'?2)[0,l](^l,?^2) + (-Bfci +52,91 ) [1,0] (^^2,^1)] 
^P2,q2(-^Pi,yi("'2 ~ (f + l)/2,'^l) + -E^i+gi^^i+pi (ni,n2-(e + l)/2)) 

(ni + l)[(£;it,+,2 )[i,i](n2,ni + (l-e)/2) 
-(-^fei+^2+P2,fci+^2+?2)[i,i]("'i + (1 - e)/2,n2)], (4.81) 

,fcl+P2 )[0,1] + (-Efci +^2+P2,^l+Pl )[i,o]](-l/2) 
[(-E^?l,fci+£2+«2) [0,1] (^1,^2) - (-E^fei+q2,^l+«l)[l,0](w2,?T'l)] 

-<^P2,?2(-£^Pi,^i+?i(^2,ni) - (711,712)), (4.82) 
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[(-^Pl,fcl+P2)[0,l] + (-^fci+^2+P2/l+Pl)[l,0]](l/2) 

[(-^^i+gi,fei+g2)[0,l](m,?T'2) - (-£^fci+€2+92,?i)[l,0])(?T'2,?T'l)] 

= (^pi,gi(rii + l)[(-Bfei+^2+P2,fei+92)[i,i]("'i>"'2) + {Eki+e2+g2,ki+P2)li,i]{'>T'2,ni)], (4.83) 

[-^^l+Pl,fel+^2+P2)[0,l] )[i,o]](e/2) 
[(-E^9l,fcl+g2)[0,l](^l'^2) + (-Efei+^2+52A+9l)[l,0](?^2,ril)] 

= 5p^,q^{Eq,^p,{ni,n2 - {e + l)/2) + Ee,+p,,e,+q,{n2 - (e+ l)/2),ni) 

+5pi,gi(m + l)[(^fci+p2,fci+92)[i,i](^i + (1 - e)/2,n2) 

-(^fci+^2+92,fei+€2+P2)[i,i](^2,ni + (1 - e)/2)], (4.84) 
[Eei+piM+h+P2)[o,i] + (-E'fci+p2,Pi)[i,o]](l/2) 

[(-^gi,fel+^2+92)[0,l](^l'^2) - {Eki+q2,ei+qi)[lfl]{n2,ni)] 
= ^Pl,<Zl(^l + l)[(-E'fcl+P2,fel+^2+?2)[l,l](^l>^2) - (-Efcj+g2,fcl+^2+P2)[l,l](^2,ni)], (4.85) 

,fcl+fo+P2 )[o,i] + (-^fci+P2,pi)[i,o]](-l/2) 

[(-£^<?i+<?i,fci+g2)[0,l](^l,«2) - (-Efc^+£2+g2,<?i)[l,0])(«2,ni)] 

= <^P2,q2[^€i+qi,pi(^i,^2) - £^^i+pi,5i(n2,ni)]. (4.86) 
If ^2 > 1, we need the following equation for the proof of the generator property of 

[(-Efci+i,fci+2)[i,i](0, 1) - (-Efci+^2+2,fci+fe+i)[i,i](l)0)](0) 

[(-Z?fei+2,fci+l)[l,l](0, 1) - (i?fci+£2+l,fei+^2+2)[l,l](l,0)] 
= -(-E'fci+l,fci+l)[l,l](0, 1) + (-Ea;i+^2+1,A;i+^2+i)[1,1](1' 0) 

-(-E^fci+2,fci+2)[l,l](0, 1) + (-BA;i+^2+2,fci+^2+2)[l,l](l, 0) (4.87) 

by (2.31) and (2.62). 

Now the simphcity of it!|j.^ ^.^j follows from Theorem 3.3, (4.65)-(4.84) and the same 
arguments as those in the proof of the simplicity of R[ki,k2],e+i- Moreover, the genera- 
tor property can be obtained by (4.73)-(4.87) and similar arguments as those in (4.19)- 
(4.42). □ 
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